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Chapter 1

Problem 1-1 Comparison of running times

1second | 1 minute 1 hour 1 day 1 month 1 year 1 century
logn 910° 96-107 936-10 2864-10 92592:10° 99460810 294608-10™
vn 10" 36 - 101 | 1296 - 1010 | 746496 - 10'° | 6718464 - 10'® | 8950673664 - 10%° | 8950673664 - 10%*
n 10° 6107 36 - 10% 864 - 108 2592 - 109 94608 - 1010 94608 - 10*2
nlogn | 62746 2801417 13- 107 27 - 108 71-10° 80 - 10% 69 - 102
n? 10° 24494897 6-10* 293938 1609968 30758413 307584134
n? 10? 391 1532 4420 13736 98169 455661
2n 19 25 31 36 41 49 56
n! 9 11 12 13 15 17 18
Copyright by Yinyanghu 3




Chapter 2

Problem 2-1 Insertion sort on small arrays in merge sort

a. XT k DNICRFAHRE R BRIRE B0 ©(k2), FrAHERS n/k 1 sublists
HS BN AN ©(k*n/k) = ©(nk)

b. 415RH] Merge Sort UG 1) &I 745, IR n/k 1> sublists HHk E %
/NHIZRJE Copy 2 return RUEZH Y, Fir i ZERYHIRHT ) ©(n(n/k)) =
O(n?/k)

WERABAE ©(nlog(n/k)) BIIS AN 58 & I, FATAT LAXE n/k 1> sub-
lists HEAT X —XF &I, BRI J5 G —32, BT a5 S0 I A R
O(nlog(n/k))

c. Xk =0(ogn) M, O(nk+nlog(n/k)) = O(nk+nlogn—nlogk) =
O(2nlogn —nloglogn) = ©(nlogn), RIF Standard Merge Sort H43# i/t
AT A A [F]

d. SEBRH k2B K list K&, 415 Insertion Sort b Merge Sort

Problem 2-2 Correctness of bubblesort
a. FRMIFEIEN A" & A 19— 1451

b. Loop invariant:
XTI IREARRT, Aj] = min {A[k] : j < k <n},FJEH, B A[j. . n]
IR A5 .. n] BI—HEZ

Initialization:
BIHGERT 5 =n, Alj . .n] f{UE—1ICEK An], THEAARL X RIAT
Maintenance:

IR, Afj] 2 Alj .. n] B/ NTER R A — 1] > Afj)], BB
LB Al) Al — 1], 1818 Alj — 1) /& A[j — 1..n] B95/ME;
HTAAENRIFIEZ T, Alj. . n] BVIRET Al .. n] BJ—DHEF, TifEi%
RAPUURSS IR T Alj — 1) T A[f], FrbA Alj — 1. . n] 2R RIS
Alj — 1. n] B—NHEF BEN T —UGEARZ /T, 5 PERVN R G — 1
Termination:

Mg =i B PEIREE; Afll) = min {A[k] - i < k <n}, 3 H A[i..n] &
WA Ali . n) B9— M HES

c. Loop invariant:
XTI IRIE AR, AL i —
MICE,IEH A1) < A2) g <
FlmIn—i+1DICR

1] @/EWJZZAHT AL .n] BB/ G — 1
Ali — 17,10 Al .. n) BLEFIIRI A o
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Initialization:

BIIAES i =1, A[1. i — 1] 228 AL BRI AT
Maintenance:

RIETEIAALRA, A[L. i — 1) BEWIIAR A[L. . n] B&w/DAT i — 14
JCE,FFH A[] < A]2] < .. < Ali — 1); AT lines 2-4 {#75 Afi] &
Ali..n] RN —A, B LABLAE A[L. i) A2RIE A[L. i) HITER
HIERIS RS Al + 1. . n) BLERIIERT A PRS0 — i TITER
Termination:

Mg =n I PEIRGEHGA[L. i — 1] B AL n— 1] ZRIEERS AL .n—1]
HEEIS HES , BAE A /N n — 1 1TTEK; BIR, Aln] 2 A i
KHITCE, FTLL AL, . n] 23016 A HEP IS RIF 51

d. Bubble Sort S THF[E]2N ©(n?), M Insertion Sort HJiaf 7T [A]—#F

Problem 2-3 Correctness of Horner s rule
a. O(n)
b. FPEE LA THEA ©(n?)

Naive-Polynomial-Evaluation(P(zx), z)

1 y=0

2 fori=0ton
3 t=1

4 for j = 1to:
5 t=t-z

6 y=y+t-a;
7 returny

n
Yy = E aka:k
k=0

(Omit!)

d. (Omit!)

Problem 2-4 Inversions
a. (17 5)7 (27 5)7 (37 5)7 (47 5)7 (37 4)
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b. {n,n—1,n-2..,21}
B3 (3) = n(n — 1)/2 Xt inversions

c. Insertion-Sort £ — X IC K, #LIHE— X JEA #4H #Y inversion, AT
PAFT LA Insertion-Sort HYIZATHY [B]F inversions HX £ R 02 1Y)

d. N PICERAMFH], IR ST A ©(nlogn), #7751 inversions
AR EL

Count-Inversions(A, le ft, right)

inversions = ()
if left < right
mid = |(left + right)/2]
inversions = inversions + Count-Inversions(A, le ft, mid)
inversions = inversions + Count-Inversions(A, mid + 1, right)
inversions = inversions + Merge-Inversions(A, le ft, mid, right)
return inversions

N Uk WN =
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Merge-Inversions(A, le ft, mid, right)

ONNAOAUT A WN -

13

17

ny = mid —left + 1
ng = right — mid
Let L[1..ny + 1] and R[1..ny + 1] be new arrays
for: = 1ton,
L[i] = Alleft +i—1]
fori = 1tony
R[i] = Almid + 1]
1=j5=1
inversions = (0
counted = False
for k = left to right
if counted = False and L[i] > R][j]
inversions = inversions +n; — 1t + 1
counted = True
if L[] < R[j]
Alk] = LJi]
1 =1+1
else A[k] = R[]
Jg=7+1
counted = False
return inversions

Answer = Count-Inversions(A, 1, n)
A s T (] 5 Merge-Sort HHIA], BP ©(nlogn)
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Chapter 3

Problem 3-1 Asymptotic behavior of polynomials

(Omit!)

Problem 3-2 Relative asymptotic growths

A B O 0 Q w
log" n n‘ Yes | Yes | No | No | No
nk ¢ | Yes | Yes | No | No | No
vn  n®™" | No | No | No | No | No
on 27/2 | No | No | Yes | Yes | No
n°8¢ %" | Yes | No | Yes | No | Yes
logn! logn™ | Yes | No | Yes | No | Yes

Problem 3-3 Ordering by asymptotic growth rates

a. f(n) SEREIGNI T

22" 22" (n+1)! n! e n-2"
2" (3/2)" | nleglosn — (logn)'osn (logn)! | n’
4logn — p?2 nlogn and log(n!) glogn — p
(V/2)lsn | 2v/2logn | 602 Inn Viogn | Inlnn
2log™n log* n and log*(logn) | log(log*n) | n'/1°8™ and 1

f(n) _ 22(n+1)-cosn

Problem 3-4 Asymptotic notation properties
a. Wrong! 258, n = O(n?),1H n? # O(n)

b. Wrong! % f(n) = n2,g(n) = n, W ©(min(f(n),g(n))) = O(n), LK
f(n) +g(n) =n®+n # O(n)
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c. Right! KI5 f(n) = O(g(n)) H log(g(n)) > 1, f(n) > 1 whenn — oo,
BT f(n) < cg(n) = log(f(n)) S 108(09( )) = logc + log(g(n)), 2 b =
logc+1,1U/ log c+log(g(n)) < blog(g(n)), Rl log(f(n)) = O(log(g(n)))

d. Wrong! % f(n) = 2n,g9(n) = n, IATH f(n) = O(g(n)) 1H 27 =
221 £ 029 = 2m)

e. Wrong! 1R f(n) <1

f. Right! KA FIESLE ¢ > 0, f(n) < cg(n) = 1/c- f(n) < g(n)
g. Wrong! % f(n) = 2", 0 f(n) = 2" # O(f(n/2) = 2V")

h. Right! f(n) +o(f(n)) = ©(max(f(n),o(f(n)))) = ©(f(n))

Problem 3-5 Variations on O and ()

O(g(n)) & g(n)) if f(n) = O(g(n))
fn) = Olg(n)) if 0 < f(n) < cg(n)
Qg(n)) if 0 < cg(n) < f(n), for infinitely many integers n

MRAGAREZA n M7 f(n) > cg(n) > 0, B2 n ik 0o BT, 2
A0< £(n) < cgln), B f(n) = O(g(n)
IR, QB Q BN EGE
b. Advantage: 7] LAZ 1| [t A PRAL [B] B K &
Disadvantage: Z/|H{5 A

c. For any two functions f(n) and g(n), we have if f(n) = O(g(n)) then
f(n) = O'(g(n)) and f(n) = Q(g(n))

But the converse is not true
d. ( (n)) = { f(n) : there exist positive constants ¢, k, and n, such that
0<cg( )logF(n) < f(n) forall n > ny}

@( (n)) = {f(n) : there exist positive constants ¢, ¢y, k1, k2, and ny such
that 0 < ¢,g(n)log" (n) < f(n) < cag(n)log*(n) for all n > ny}

For any two functions f(n) and g(n), we have f(n) = ©(g(n)) if and only
if f(n) = O(g(n)) and f(n) = Q(g(n))
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Problem 3-6 Iterated functions

f)  e| £
n—1 0n

logn 1 | log*(n)
n/2 1| [logn]
n/2 2| [logn] —1
Vn 2 | > loglogn
vn 1| oo

n1/3 2| > lolgolggn
n/logn 2| O(logn)

Copyright by Yinyanghu
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Chapter 4

Problem 4-1 Recurrence examples
a. T(n) = O(n')

b. T'(n) = O(n)

¢. T(n) =0O(n?logn)
d. T(n) = 6(n?)

e. T(n) = ©(n'°827)

f. T(n) = O(y/nlogn)
g T(n) =0O(n’)

a. 1. T(n)=Tmn/2)+06(1)=T(n) =0O(logn)

2T (n/2) +©(n) = T'(n) = O(nlogn)
=2T(n/2) 4+ O(N) = T'(n) = O(nN)
2T (n/2) + ©(n) = T(n) = O(nlogn)

2. T
3. T

Problem 4-3 More recurrence examples
a. T(n) = O(n'°s:4)

b. T'(n) = ©(nloglogn)
c. T(n) =0O(n*y/n)
d. T(n) = O(nlogn)

e. T'(n) = ©(nloglogn)
f. T(n) =0(n)

. T'(n) = ©(logn)
h. T(n) = ©(nlogn)
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i. T(n) =06(n/logn)
j- T'(n) = O(nloglogn)

Problem 4-4 Fibonacci numbers
a. (Omit!)
b. (Omit!)
. JooF S B R AR 2]

d. BN ¢ < 1, LAY i — oo B, ¢ — 0,FTLA F = ¢/v/5 fori > 0
I 4%T T Fibonacci £

Problem 4-5 Chip testing

Note : 24 FATTHCE] — A F AT A YRS, FrA B R RO 3SRl AT A4l
RIE

a. FAMBIA — DR LN, BB4 B ASRIE Bt —F, Fr AL
FEAE XA R A R I R I ) AR U ) Fr A BIIRE R ] AR &
R IL R IR A%, RIS X 2 TR, BB 42U i & A NI & BRI R
F5 BT DA IR BRI | 380852 T 2 W R 08 e 2 S 1Y

b. LA n AR AT OIS AE |n/2] X FAPEMRLE R 55 5
H, —HEMBEER N AB RGN, FATH A P A 5 — A2 il gh
REDH—DEIRD, AT QA BT 4K L good > bad, H Q 4
IR good < bad, T LA P 4442 good > bad, AT LA, 4 T 42— 1Y
B, BATAT EASR 7% Q ABI A A, T P AL RE 7 FR ATl AR —
zgg:‘&'iiﬁ*/l\ NERT R AS B IR [RITARARE 22 /D ik /DA T
S /‘J %

c. T'(n)=T(n/2)+n/2=T(n)=0(n)
Problem 4-6 Monge arrays

a. HIE AR

b. A[2,3] =5
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c. BAFAE f(i) > fli+ 1), RIAELE Afi, j] + A[i + 1, k] > A[i, f(i)] + Ali +
1, f(i+1)], I LAANH & Monge array 9 3E S, T AL £(i) > f(i+1),
W £(1) < £(2) < .. < f(m)

d. 1 (o) Z1F%EHN O(m + n) Bk

e. T'(m)=T(m/2)+O(m+n)=T(m)=0O(m+ nlogm)
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Chapter 5

Problem 5-1 Probabilistic counting

a. X;(1 < i < n) FORMER ¢ RIEIMBRAERTTH RGN AE, V; FoRqfE i
AR R IR TR B E

V= Z?:l X;
E[Vn] = E[Z?:l Xi] = Z?:l E[Xz]
MEX]=0-(1- n¢+11—ni + (niy1 — ny) - ni+11—m) =1,/ EV,] =n

b. X; FIPIAST, B LA Var[V,) = Var[X1] + Var[Xo) + .. + Var[X,)]

Var[X;] = B[X?] - B*[X;] = ((0% - {55) + (1007 - 555

100 100)) —12=99

FirLA Var[V,] = 99n

Problem 5-2 Searching an unsorted array

a. BIAE:

RANDOM-SEARCH(A, z)

1 B=190

2 whileB+#A
3 i = RANDOM(1,n)
4 ifAfi] =«

5 return

6 B = BUA]Ji]

7 return Null

b. BIEAEEE n IREE] 2
c. A n/k REE ©
d. HEAE O(nlogn) ALE] A HHIFTAITER

e. Average-Case: %“,Worst-(:ase: n
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f. Average-Case:

D))o
G e

Worst-Case: n — k + 1
g. Average-Case:n, Worst-Case:n

h. K = 0: Worst-Case: n, Expected: n
K = 1: Worst-Case: n, Expected: "T“

For K > 1, Worst-Case: n — k + 1, Expected: Z—ﬁ

i. Scramble-Search
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IT Sorting and Order Statistics
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Chapter 6

Problem 6-1 Building a heap using insertion

a. No, counterexample: 1,2, 3

b. 1RHHZ Worst-Case HJ_EFA O(nlogn), At AFRATTEZRUER 7

T(n) = 3 6(llogi))
>3 ©(llogil)
i3]

> >~ o(llog(151)))

i=T41

= > O(|logn —1]) = Q(nlogn)
i=[%]

JIr LA, Worst-Case [ 5¢°4 ©(n logn)

Problem 6-2 Analysis of d-ary heaps
a. index ¢, j-th child (1 < j < d)

D-ary-Parent ()
1 return |[(: —2)/d+ 1]

D-ary-Child(z, j)
1 returnd(i—1)+j+1

b. ©(log,n)

c. Il Heap-Extract-Max ZXPl, H /& 7E Max-Heapify H', B &5 /K 1Y EL 52 2
PMIC R P RAE, L d IR Bl RAE, Fr Loz 47 B 1)
O(dlog,n)

d. 1 Max-Heap-Insert 25104, i1 T AN O(log, n)

e. fll Heap-Increase-Key Z5{UL, IafTHI[H] N O(log, n)

Copyright by Yinyanghu 17



Problem 6-3 Young tableaus

2 3 4
8 9 o
12 14 oo
16 oo o©

8838

b. (Omit!)

c. UM Max-Heapify 1777, H O(m + n) K4EH" Young Tableau [1)4%
14

d. ] O(m + n) B RREEE]— DASAERTTR, B oo HIT R A ZX
MLEREH O(m 4 n) BIFFTAIRZES Young Tableau HY45 1)

e. Young-Tableau-Insert:O(n?)
Young-Tableau-Extract-Min:O(n?)
Total:O(n?)

f. 7 m x nYoung Tableau /5 N HHITTE , LA TTZ IR , & —1>
25Vl Binary Search Tree 4544, & 541 BST fHE], pr LLUE T [R] R 4%
TR O(m + n)
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Chapter 7

Problem 7-1 Hoare partition correctness
a. (Omit!)

b. [E°424 Hoare-Partition $0/7H],p < i < j < rfE87, ATEL 4, § RS
7] Alp..r] AINFITTER

c. AR, %4 i > j i, Hoare-Partition Z5K , A p < j < r
d. 24 Hoare-Partition Z5 K, A Alp..j] <2z < A[j +1..7]
e. the QUICKSORT procedure to use HOARE-PARTITION

Quicksort’(A, p, )

1 ifp<r

2 q = Hoare-Partition(A, p, )
3 Quicksort’(A, p, q)

4 Quicksort’(A, g + 1,7)

Problem 7-2 Quicksort with equal element values
a. O(nlogn)

b. two methods:
Method 1:

Partition’ (A, p, r)

1 x = Alp]

2 i=p—1

3 j=r+1

4  while True

5 repeat

6 j=j—-1
7 until A[j] < x
8 repeat

9 i=i+1
10 until Afi] > x
11 ifi <j
12 exchange A[i| with A[j]
13 else return j, ¢
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Method 2:

Partition’ (A, p, )

1 i=j = Partition(A, p,7)

2 while: > 1and A[i — 1] = A[i]
3 i=i—1

4 while j < rand A[j + 1] = Alj]
5 j=j+1

6 returni,j

take O(r — p) time
c. (Omit!)
d. K2 Quicksort” [ ELELIEL— 7€ /DT Quicksort, Iz THS B398 O(nlogn)

Problem 7-3 Alternative quicksort analysis

a. B[X)] =1/n
b.
ZX (0= 1) +T(n—q) +6(n))
§
sl =2 i) + 00
d.

[31-1

Zklogk< Z klogk + Z klog k

#=T31

g_Tlog§+ 5 logn
2 2
3
— %logn— % + §n2logn
1 2
= §n2logn— %

e. E[T(n)] =©(nlogn)
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Problem 7-4 Stack depth for quicksort

a. (Omit!)

b. 7£ Worst-Case H1HL T, BFK ¢ = r, FTLAX T n NITR B4, Stack

HITREE 2 N ©(n)

c. The worst-case stack depth is ©(logn), and the expected running time is

O(nlogn)

Tail-Recursive-Quicksort’ (A, p, r)
1 whilep <r

2 // Partition and sort the small subarray first
3 q = Partition(A, p, 1)

4 ifg—p<r—gq

5 Tail-Recursive-Quicksort’ (A, p, g — 1)
6 p=q+1

7 else Tail-Recursive-Quicksort’ (A4, ¢ + 1,r)
8 r=q—1

Problem 7-5 Median-of-3 partition

o 6(i—1)(n—i)
a. b= n(n—1)(n—2)

b. MERAER ) L

3|

. 3
Jim P12 =5

d. BX Partition HUIEHN O(1) HIHEAE, BT LUS I E 4EAK IR E O (nlogn),

Median-of-3 method F 57 Ml & 5 ]

Problem 7-6 Fuzzy sorting of intervals

a. A randomized algorithm for fuzzy-sorting n intervals

Copyright by Yinyanghu
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Find-Intersection(A, B, p, s, a, b)

1 i = Random(p, s)

2 exchange A[i] with Als]

3 exchange B[i] with B[s]
4 a= Als

5 b= Bls]

6 fori=ptos—1

7 if A[i] <band B[i] > a

8 if Afi] > a

9 a = Ali
10 elseif B[i| < b
11 b = B

Partition-Right(A, B, a, p, s)

1 i=p—1

2 forj=ptos—1

3 if A[j] <a

4 t=1+1

5 exchange A[i| with A[j]
6 exchange B[i] with B[j]
7 exchange A[i + 1] with A[s]

8 exchange B[i + 1] with B]s]

9 returni+1

Partition-Left-Middle(A, B, b, p, )

1 i=p—1

2 forj=ptor—1

3 if B[j] <b

4 t=1+1

5 exchange A[i] with A[j]
6 exchange B[i] with B[j]
7 exchange A[i + 1] with A[r]

8 exchange B[i + 1] with B[r]

9 returni+1

Copyright by Yinyanghu
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Fuzzy-Sort(A, B, p, s)

1 ifp<s

2 a=0b=0

Find-Intersection(A, B, p, s, a, b)

r = Partition-Right(A, B, a,p, s)

q = Partition-Left-Middle(A, B, b, p,r)
Fuzzy-Sort(A, B,p,q — 1)
Fuzzy-Sort(A, B,r + 1, )

N O U kW

b. The algorithm runs in expected time ©(nlogn) in general, but runs in ex-
pected time ©(n) when all of the intervals overlap. Since when all of the in-
tervals overlap, the procedure Fuzzy-Sort just calls the procedure Find-Intersection
only once and then return. Therefore, the algorithm runs in expected time

O(n).
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Chapter 8

Problem 8-1 Probabilistic lower bounds on comparison sorting

a. reachable leaves: each of the n! possible permutations is the input with the
probability 1/n!
unreachable leaves: the probability is 0

b. Let dr(z) = depth of node z in tree T’

D(T)= Y  dr(v)

xz€leaves(T)

= > dr@)+ ) dr(x)

x€leaves(LT) x€leaves(RT)

x€leaves(LT) z€leaves(RT)

= Z dLT(CL’> + Z dRT(ZL')—|— Z 1

x€leaves(LT) z€leaves(RT) x€leaves(T)

— D(LT) + D(RT) + k

c. A decision tree 7" with & leaves that the left tree has i leaves and the right
tree has k£ — 7 leaves.

d(k) = min {d(i) +d(k —1i)+ k}

1<i<k—1

d. Using derivative, it’s easy to have the function i logi + (k — i) log(k — 1) is
minimized at i = k/2
When ¢ = k/2, using Master Theorem, we have d(k) = Q(klog k)

e. Letk = nl,then D(T4) > d(k) = Q(klog k), therefore D(T4) = Q(n!logn!)
Since the n! permutations have equal probability 1/n!, the expected time to
sort n random elements is

Q(n!log(n!))

n!

= Q(logn!) = Q(nlogn)

Problem 8-2 Sorting in place in linear time

a. Counting-Sort

b. Quicksort-Partition
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c. Insertion-Sort
d. (a) Yes (b) No (c) No

e. use O(k) outside the input array

Counting-Sort(A, k)
// let C[0.. k] be a new array
fori =0tok
Cli] =0
for i = 1to A.length
C[A[i]] = ClA[i]] + 1
// Cli] now contains the number of elements equal to
p=20
fori =0tok
for j = 1 to Ci]
p=p+1
Alp] =i

f—
—_ O WO NN UTEA WN =

—

Not stable, in place, in O(n + k)

f. Extension: Is there exist an algorithm s.t. stable, in place, runs in O(n)
time ?

Problem 8-3 Sorting variable-length items
a. Let m,; be the number of integers with 7 digits, for: = 1,2,..,n, we have
Yomiem;=n
* Counting every number’s digits.....O(n)
* Sort the integers by number of digits(Counting-Sort).....O(n)

* Use Radix-Sort to sort each group of integers with the same length.....O(n)
Therefore, the total running time is O(n)

b.  * Use Counting-Sort to sort the strings by the first letter

* If the first letter of some strings are same, then put these strings into a
group as well as remove the first letter

* Recursion sort until each group has only one string

The running time is O(n)
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Problem 8-4 Water jugs
a. n 1> Red jug 1 n > Blue jug <[5 % L ©(n?) X

b. JH Decision Tree HJEIRL T4 Hf 1 619 71, 78— Red jug
Blue jug B HLH; BT &5 H = 4500, 43 4R Red jug K- Blue
jug K —FER B AT s BIERIR — i E R 25 R
XFT n > Red jug 1 n 1> Blue jug < [Al5x 2 A n! #GJ7 =, BrA
Decision Tree {5 54 h = log(n!) = Q(nlogn)

c. the expected running time is O(n logn), and the worst-case running time is

O(n?)

Partition-Red(R, p, r, x)
1 i=p—1

2 forj=ptor

3 if Rjj] <«

4 1 =1+1

5 exchange R[i] with R[j]
6 returni

Partition-Blue(B, p, r, x)

1 i=p—1
2 forj=ptor

3 if B[j] <z

4 t=1+1

5 exchange B[i] with B[j]

Match-Jugs(R, B, p,)

1 ifp<r

2 k = Random(p, )

3 q = Partition-Red(R, p, r, B[k])
4 Partition-Blue(B, p, r, A[q])

5 Match-Jugs(R, B,p,q — 1)

6 Match-Jugs(R, B,q + 1,7)

Problem 8-5 Average sorting

a. Ordinary Sorting

b. 2,1,4,3,6,5,8,7,10,9
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c. (Omit!)

d. Shell-Sort, i.e. We split the n-element array into & part. For each part, we use
Insertion-Sort(or Quicksort) to sort in O(n/k log(n/k)) time. Therefore, the
total running time is k£ - O(n/klog(n/k)) = O(nlog(n/k))

e. Using a heap, we can sort a k-sorted array of length n in O(nlog k) time.
(The height of the heap is log %, the solution to Exercise 6.5-9)

f. The lower bound of sorting each part is 2(n/k log(n/k)), so the total lower
bound is 2(nlog(n/k)). Since k is a constant, therefore {2(nlog(n/k)) =
Q(nlogn)

Problem 8-6 Lower bound on merging sorted lists
a. (%))
b. A RPN 2 FTHEEAS, B4 Tist HHHYICER EADPEABS—IR,
HPAFI—k, FrLAZE /D 2n — o(n) IRELES

c. M _EIA EEARBA A YR 2 F EE RS BA S Y T 3R — e ok HAS R R BA
A1), Fir VISR P A A EHELE P S RS A T2 — REAEAE ELB A S HY
B, fir L1 1) et

d. & list FRICR EDPEA S — K, S — 2k, B AR 52 2n — 1

Problem 8-7 The 0-1 sorting lemma and columnsort

a. Alp] fl Alq] —E#BEERINALE , H i LA Alp) < Alq],Frlh Blp] =
0,Blg] =1

b. HiF Alp] RE/MUEHAREEITEE, M ¢ < p, B (p > ¢, A]p] < Alg]) =
(p > ¢,B[p] = 0 < Blg] = 1); X4 Alogrithm X /&> oblivious
compare-exchange algorithm, Bl Algorithm X /7 A WA ERR S FIHEF
B 2 —#E/, ArLA Algorithm X AREEIEHIHET B FEo

c. NEMAT 2 G BHRAT, HEF 5 145 RH A —1> oblivious compare-
exchange algorithm #0172 5 B &5 RAH ], Fr EAFRATTAT LATAA column-

sort & 1> oblivious compare-exchange algorithm

d. KA5E0E step 1 BYIHEE A 1Y 1 #RAEJERHS, It ATESE K step 2, 3 Z )i,
AIHHFIR 1D ERTE T AP 1%L T dirty row
—REAE L 0 Lk 1 Ak R 1 AELL R HEE AT, 0 #E S HE
(LI, AR Z (<) A s rows 22 dirty rows
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e. WIAZEM clean area of 0s H-1ft , W98/ AE clean area of 1s 457 ; [N A 1%
step 3 ZJii, 224 s rows & dirty rows, T LA [A] Y dirty area 2261

P2 NI ER

f. step 5 B H B ECRIER—5H S A7, step 6 1) H B4 EEA> array B
k%
KA /2 > 52, XA dirty area A2 2 s> MICEK, IrLAE step 5 Z )5
WRIEARART Ry, W — 2T Fros A R

SO O O O O
__- 0 O O O
=== O O O

RIEAEPI BB, 2 i B0 LA 1 25, A I i3 LA o I1k; fr
LA step 7, 8 Z Ja , T A1 array T #4% column-major order 4

g. WS s ANREHERE -, HIXS T every column TEMUAS # A%t 28 22 77 A 2
dirty rows, BRI 041 1k B X357 A — A dirty row, S5 —F777 4
—> dirty row; 1E step 3 FFHE/ ¥ 2 )5, dirty cows FI M ESE T /% 1 B
IR/ 1 FIREZE 1 B2, TXT 1 column 2246, B 22 %2 774 2
dirty rows, X 2 rows "' column Z [A]HMEEE L2 72 11, Irl step 3 2
J& dirty cows 22N s
r > 2s?

h, W12R » > 252 ARpkGz, AT LB S 78 TCE LI JT K (example. oo) 2K
815 r > 252 JIOL
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Chapter 9

Problem 9-1 Largest i numbers in sorted order

a. ©(nlogn)
b. ©(n+ilogn)
c. O(n+ilogi)

Problem 9-2 Weighted median

a. Since all the element has same weight w; = 1/n, therefore the median of
X1, To, . ., Ty is the weighted median of the x; for: =1,2,...n

b.  * Sorting the n element into increasing order by z; values.....O(nlogn)
* Locate the weighted median of n elements.....O(n)

Therefore, the total running time is O(nlogn)

c. alinear-time median algorithm

Weighted-Median(.X, p, 1)
¢ = Randomized-Partition(X, p, )
WL =31 X[
WR= Z;:q—‘rl X[l]
if WL <1/2and WR <1/2
return q
if WL >1/2
wlg—1=wlg—1]+WR
return Weighted-Median(X, p,q — 1)
ifWR>1/2
wlg+ 1] =wlg+ 1]+ WL
return Weighted-Meidan(X, ¢ + 1,7)

)—\
_ O WO N UTEA WN =

—_

Analyse:
The recurrence for the worst-case running time of Weighted-Medianis 7'(n) =
T(n/2+ 1) + O(n). The solution of the recurrence is 7'(n) = O(n)

d. Let p be the weighted median. For any point x, let f(z) = > ", w; |x — py|.
We want to find a point z such that f(z) is minimum.
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Assume f(p) is minimum, we will prove that for any other point x, f(p) <
f(z). For any p and z such that x > p, we have

f(x) = f(p) = Zwi(lﬂf —pil = p = pil)

* Whenp, <p <z,wehave |xt —p;| —|p—pi| =2 —p
* Whenp < p; <z,wehave vt —p;| —|p—pi| >p—2x
* Whenp <z <p;,wehave |t —p;| —[p—pi|=p—=x

Therefore,
f(z) = flp) = sz‘ﬂf —pil = |p—pil)
> Zwi(p—x)+2wi(a:—p)

P<pi P>Pi
= (z —P)(Z Wi — Zwi)
pZpi p<pi
>0

For p > x, we have the same result. Thus, f(z) > f(p), i.e. the weighted
median is a best solution for the 1-dimensional post-office location problem.

e. Find a point p(z, y) to minimize the sum

flz,y) = sz(|$ —zi| + |y — wil)

1=1
Since d(a,b) = |z, — x| + |T» — ys|, it is obvious that

min f(x,y) = min g(x) + min A(y)
x,y T Y

Therefore, the best solution for the 2-dimensional post-office location prob-
lem reduce to the best solution for the 1-dimensional post-office location
problem that x and y are independent.

Problem 9-3 Small order statistics

a. 1. divide all the elements into two group:
Group 1: a; a3 as
GI'OUP 2: Ay Q4 Qg
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2. pairwise compare the elements of the two group, and put the bigger of
the two elements into a new group, called bigger group, and put the

others into another group, called smaller group ..... 5]

3. recursively find the i-th smallest element in the smaller group ..... U;([5])

4. meanwhile, we can get the smallest : numbers in the smaller group and
their corresponding elements in the bigger group

5. the i-th smallest elements must be in these 27 elements, then find it

T(24)
Therefore, we have
Uin) = T(n) | ifi > n/2
5] +Ui(l5]) +T(2i) otherwise

b. the depth of recursion is & = O(log%) therefore, if i < n/2, then U;(n) =
n+ O(T(2i)log %)

c. since i is a constant less than n/2, U;(n) = n + O(logn)

d. If & > 2, then U;(n) = n+ O(T(2n/k) log k)
Ifk=2ie.logk =1, then

Ui(n) =T(n

IN

|
S

=n+O(T(2n/k)logk)

Problem 9-4 Alternative analysis of randomized selection

ifi<k<jori<k<j

j—i+1
E[ka] = kfirl ifi < 7 < k
2 . . .
TR ifk<i<y
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2 2 2
E[Xk]Siggjj—i+1+;kz—i+l+2j—k+1
k n 9 k—2 k—
:;;j—H—l ZZ —z+1 lzk;ljzj—k’—i—l
R S "jok—1 2k—i—1
B <;;j—i+1+j§13—k+l Zk—erl
C.E[Xk]§4n

d. the expected running time is 7'(n) = E[Xx] + O(n) = O(n)
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III Data Structures
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Chapter 10

Problem 10-1 Comparisons among list

unsorted, singly linked | sorted, singly linked | unsorted, doubly linked | sorted, doubly linked

Search(ZL, k) O(n) O(n) O(n) O(n)
Insert(L, ) o(1) O(n) O(1) O(n)
Delete(L, ) O(n) O(n) O(1) o)
Successor(L, x) O(1) O(1) O(1) (1)
Predecessor(L, ) O(n) O(n) O(1) o)
Minimum(L, x) O(n) (1) O(n) o)
Maximum(/L, =) O(n) O(n) O(n) o)

Problem 10-2 Mergeable heaps using linked lists

Binomial heap, /& mergeable heap H H linked list SZ3,
Make-Heap: O(1)

Insert: O(logn)

Minimum: O(logn)

Extract-Min: O(logn)

Union: O(logn)

Problem 10-3 Searching a sorted compact list

a. [K’A7E Compact-List-Search 1 Compact-List-Search’ ' RANDOM(1, n)
FEA R RE IR, BT LA Compact-List-Search’ 143 [F1{E -5 Compact-List-
Search FH[A] HL AT for, while IR BIRELE /DA ¢

b. The expected runnning time of Compact-List-Search’(L, n, k,t) is O(t +
E[X4])

n

E[X) =) i Pr{X, =i}

=0

= Pr{X, >i}
=1

< Z(l —7r/n)
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i
L

n—1
rt < / rtdr < n'*t1/(t 4 1)
0

Il
o

r

—_

BIX) <Y (1= r/n) = % < (4 1)

T

I
o

f. Compact-List-Search’(L, n, k, t) runs in O(t+E[X;]) = O(t+n/(t+1)) =
O(t + n/t) expected time

g. Compact-List-Search runs in O(max(t,n/t)) = O(y/n) expected time

h. ARG key, AL K it B2 H] M — 2L T8 AR, fSE450 1E I [A]
S ORI Lt
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Chapter 11

Problem 11-1 Longest-probe bound for hashing

a. A28 n <m/2,JfLha = n/m < 1/2,Random Variable X FE/R" Al #
AT probe HIREL, LA Pr{X > k} = Pr{X > k+1} < oDl =
27]6‘

b. FIH (a) T HI&51E, 4 k = 2logn, % ¢ X Insertion 7 %2 T 2logn
probes HJHEZN O(27F) = O(272108m) = O(1/n?)

& 11
Pr{X > 21 <N Pr{X; > 21 <n-—=-
r{X > Ogn}_iz1 r{X; > 2logn} <n =
d.
EX]=) k- Pr{X =k}
k=1
[2logn] n
= > k-Pr{X=kl+ >  k-Pr{X=k}
k=1 k=[2logn]+1
[2logn] n
< > [2logn] - Pr{X=k}+ >  n Pr{X=k}
k=1 k=[2logn]+1
[2logn] n
=[2logn] Y Pr{X=k}+n Y = Pr{X=k}
k=1 k=[2logn]+1
< [2logn]-1+mn-(1/n)
= [2logn| +1
= O(logn)

Problem 11-2 Slot-size bound for chaining
d.
1
= (a1 (})

n n
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b. Let random variable X; denote the number of keys hash to slot . Frome (a),
we have Pr{X; = k} = Qi
P, = Pr{M =k}
= Pr{(max X;) =k}

1<i<n

=1

= nQ
C.
1. 1k n!
= (— 1 — —_—
@ (n) ( n) kl(n — k)!
n!
< n*kl(n — k)!
1
S K
o
R
d. (Omit!)
e

E[M] = Zn:k . Pr{M =k}

:kzok-Pr{M:k}+ i k- Pr{M =k}

k=ko+1

ko n
<> ko-Pr{iM=k}+ > n-Pr{M =k}
k=0 k=ko+1

n

:koipr{M:k}—i—n > Pr{M =k}

k=0 k=ko+1
:kopT{M§k0}+nPT{M>ko}

KN PriM < ko} <1 H

n n

Pr{M>k}= > PH{M=rk}< %<n._:_

k=ko+1 k=ko+1
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FITLA,

EM] <ky-1 —|rn~l =ko+ 1= 0O(logn/loglogn)
n

Problem 11-3 Quadratic probing
a. The probe sequence is <h(k), h(k)+1,h(k)+1+2,h(k)+1+2+3,--->

11
R (k,i) = (h(k) + Sk 512) mod m.

b. We show that for any key % and for any probe number ¢ and j such that
0 <i<j<m,wehaveh/(k,i) # h'(k, 7).
If assume that A'(k,i) = h'(k, j), it yields a contradiction. Therefore, this
algorithm examines every table position in the worst case.

Problem 11-4 Hashing and authentication
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Chapter 12

Problem 12-1 Binary search trees with equal keys
a. O(n?)
b. O(nlogn)
c. O(n)

d. Worst-Case:O(n?), Expected runnning time:O(n logn)

Problem 12-2 Radix trees

K2 n e strings RSN, Fir AA T strings #4015 —1> Radix tree
HIR ] 2= 8 ©(n), HEJF ir A strings RIAIX AR Radix tree 31T Preorder-
Traverse, T LASIN ] 248 O (n)

Problem 12-3 Average node depth in a randomly built binary
search tree

a. MRARE S, H
> d(x,T) = P(T)
zeT
JiT LA
1 1
- ; d(x,T) = —P(T)

b. P(T) = P(TL)+P(TR) +n—1
. Randomly built binary search tree, B/l — 115 S A/E AR | Fr AR A2

@]

]
P(n) = %N_I(P(i)+P(n—i— D4+n—1)
d. -
P(n) = % Pk + (";”2 - %nzlp(k) L o)

e. H Problem 7-3 Alternative quicksort analysis FJ 534, Al 1% P(n) = O(nlogn)

f. Binary Search Tree "1 i JE Leaves 77 50X V.4 Quicksort H1 1 Pivot
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Problem 12-4 Number of different binary trees

a. MBS L, S EINECA 1, B0 by = 1, BB B o n A5 SR
PR, AT 4

n—1
bn =Y bibp1k (n>1)
k=0
b. i
B(x) = Z byx"
n=0
n—1
bn = bkbn—l—k
k=0
CIEE:
B(z) = 2B(x)* + 1
i
1
B(z) = ﬂ(l — V1 —4x)

c. WX /1 — 4z #H4T Taylor JBI, AI1E

2 4., 24, 240,

1.2 4 , 24 4 240

(@) =5 (et Tt
1 2 12, 120 4

:ﬁ—f—g—Fal’ +T$ + -

e (2n — 2)! 1

- ; n(n— Ditn— 11"
=1 /20

- gon—i- 1(n)x

:ibnx”

n=0

x4+.)
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b — 1 (Zn)
n+1l\n

d. J#jd Stirling ‘s approximation

n! = \/ﬁ(ﬁ)n(l +0(-))

1
e n

b= — (2”)2\;” (1+0(+)

|
E\w
S
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Chapter 13

Problem 13-1 Persistent dynamic sets

a. Insertion: {N AR HT46 A 1T S AN AT A ancestors
Deletion: 2 22 P B B B9 17 s AN successor [ ancestors

b. 1] Persistent-Tree-Insert(T'.root, k), I [A] T’

Persistent-Tree-Insert(¢, k)

1 ift = NIL

2 x.key = k

3 x.left = x.right = NIL

4 else x.key = t.key

5 x.left = t.left

6 x.right = t.right

7 if £ < t.key

8 x.left = Persistent-Tree-Insert(¢. left, k)

9 else x.right = Persistent-Tree-Insert(¢.right, k)
10 return x

c. WTRIERIE . 25 [ E 2N O(h)

d. %7 parent F851, WIEFAm A BB — 0, W R A S #EE copy — K, FIT LA
IR 2 3 23 [ B 2R TN Q(n)

e. We can still find the parent pointers we need in O(1) time without using
parent pointers by using a stack to record the ancestors of the node.
We can also maintain the properties of Persistent Red-Black Tree in O(log n)
time.

Problem 13-2 Join operation on red-black trees
a. (Omit!)
b. KN Ty.bh > Ty.bh, #34E Red-Black Tree FIYEFT, M Ty F) Root TR,
#7f Right-Child, Il [7] Right-Child &, 750 [A] Left-Child & , 98 f71E
—> Black 11 & y {#75 y.bh = Ty.bh, HARUE y 42 AT A T e 5475 &
W key B K
FAHIA AR 2R O(log n)

c. FHEREZRE 0(1)
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RB-Join’ (T}, z, T5)
1 zleft =T,

2 z.right =T,

3 z.parent = T,.parent

4 zkey ==

5 if T,.parent.left =T,

6 T,.parent.left = z
7 else T, .parent.right = z

d. Red
KIN# T, Ty H) Root HIEEAHS A Black, WK « H parent HEZR (A
Red, I o i€ 4 Black, Ho¥4 T, T, 1 Root HIEIEL T A Red, 2
I~ %L | £RIE Black-Height AN4%
W [RIE Z % : O(log n)

e. [{HE, %5 Ty.bh < Tp.bh, WA _ERFIEXSFRALHE

f. The running time of RB-Join is O(logn)

Problem 13-3 AVL trees
a. WEEA h ) AVL tree &8 20 (8 Gy, AT 50, WA

Gp=Gp1+Ghpo+1 n>2
Go=1
Gy =2

FirLA, G}, > F,(the h-th Fibonacci number), Rl —#&7H n 4~ 55 HY AVL
tree 1151 A O(logn) (golden ratio)

b. {LVUFFE DL left-left, left-right, right-left, right-right, Balance (=) FYJitF2 11
KYIZN
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Left Right Case Right Left Case

A
¥

Balanced

A | AN

c. the procedure AVL-Insert(x, z) consist of BST-Tree-Insert(7’, z) and Balance(x)

d. BST-Tree-Insert(7’, z): O(logn)
Balance(x): O(logn)
AVL-Insert(z, z) Total: O(logn)
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Problem 13-4 Treaps

a. X T BST, Al LAX 15 2181 T Rotation, T A 1X L8 BST 5 iG1H)
BST #B& [FH Y, SRTAE Treap H, iX AN 2250 /2 Heap AU, AT LAA
REIEAT Rotation, RIZXHE BST &M & ME—11)

b. X T A7 m Y priority J3 81, &R FhHES #HE— B X R —Ff Treap,
RIRf A 719 1 A —Fh R 51 W2 438 A\ BT B0 BST, TR Fi A O 19 Y
priority #B&BENL A1), BT LA Treap 7K i3l /& Randomly built binary
search trees, fir LA the expected height of a treap is ©(log n)

c. the procedure Treap-Insert consist of BST-Tree-Insert and Heap-Increase-Key
by Rotation

d. BST-Tree-Insert: O(logn)
Heap-Increase-Key: O(logn) (Rotation: O(1))
Treap-Insert Total: O(logn)

e. XT—"leafnode z, 7] LAJAGN , BT 2 347 —4K Rotation, H: C+ D
S 1, HaE R an &l

Right Rotation o o
>
<
o e Left Rotation

X} Right-Rotation, X 19 /5 « N P, A, B 53 58 o B2 A PR T-#F,
Q 72 P | parent, C & Q WA T, UG C + D = left_spine(B) +
right_spine(A), &4 Right-Rotation J&7, C" + D' = right_spine(A) +
1 + left_spine(B)

[}, Left-Rotation 752 Q1L , RIS T4 AR HRHY Y 58 2, H Rotation HY
REEHFET C+ D

f. (Omit!)

(k—i—1)! 1
(k—i+ D! (k—i+1)(k—1)
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h.

k-1 k=1 1
E[C] Z;PT{XM =1} :; (k—i+1)(k—1q)

i AR, S k=n—k+ 1 BiA] Bp

1

S iy

j- B4 E[C + D) = E[C] + E[D] < 2, it LA2417] Treap Hifi A—>77 i
i, #AE21 Rotation MXEU/INT 2
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Chapter 14
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IV Advanced Design and Analysis Techniques
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Chapter 15

15-1 Longest simple path in a directed acyclic graph

Let f(7) be the longest distant from vertex s to vertex i
Recursive formulation:

f() = max {f(j) + dji}

(Ji)eE

initial case:

f(s)=0

Visit every vertex in Graph G by topological order
Running time: O(V + E)

15-2 Longest palindrome subsequence

Let f(i, 7) be the length of the longest palindrome subsequence from the ith char-
acter to the jth character
Recursive formulation:

1, ifi=j
. 0, ifi>j
Fg) =9 .. . .
f+1,j—-1)+2, ifa; = a;

max{f(i +1,j), f(i,7 — 1)}, otherwise

Running time: O(n?)

15-3 Bitonic euclidean traveling-salesman problem

First, sort the points by z-coordinate, <P, P, .., P,> (zp, < zp, )

Let P,; (i < j) denote the bitonic path: P, LA RN P; (a vertex-disjoint
path)

It means that the bitonic path P, ; (i < j) includes all vertices Py, P, - - - , P;

Let f(i,7) (¢ < j < n) be the length of the shortest bitonic path Pi, j)

Recursive formulation:

f(Z - 17i) = 1<Tl£1<i£171{f(k',l' - 1) + |Pkpz‘}

fGy0) = f(i = 1,4) + [Py By
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initial case:
f(1,2) = |PL P

Running time: O(n?)

15-4 Printing neatly

Let cost(i, j) denote the number of extra space characters at the end of the line
which includes the 7 - - - j-th word

Therefore,
( J
0, if j=nand M —j+i—> Iz >0
k=i
J
cost(i,j) = } oo, ifM—j+i—Zlk<O
k=i
J
(M —j+i— Z I:)%, otherwise
\ k=i

Let f(i) be the minimum number of extra space characters after placing first ith
words
Recursive formulation:

() = min {f(j) + cost(j + 1,4)}

initial case:

f(0)=0
Running time: O(n?)
Space: O(n)

15-5 Edit distance

a. Let X; = z[l..i) and Y; = y[l..y] and f(, j) denote the minimum cost of
transformating X; to Y
Recursive formulation:
(f(i—1,j = 1) + cost(copy), if [i] = ylj]
f(i—1,j — 1)+ cost(replace), if z[i] # y[j]
. | fi =1, 7) + cost(delete)
f(i,j) = min f(i,j —1) + cost(insert)
fi—2,5 —2) + cost(twiddle), ifi,j > 2 z[i] =y[j — 1],and x[i — 1] = y[j]
min {f(k,n)} + cost(kill), ifi=mandj=n

\ 0<k<m
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initial case:

f£(0,0) =0

Running time and Space: O(nm)

cost(copy) =
cost(replace) =1
cost(delete) =

cost(insert) = 2

maximize — minimize

15-6 Planning a company party

Let f(z,0) denote the maximum sum of the conviviality ratings of the guests when
the emplyee x doesn’t attend the party and f(z, 1) denote the maximum sum of
the conviviality ratings of the guests when the emplyee x attends the party
Recursive formulation:

fl@,0)= > max{f(y,0), f(y, 1)}

yeSon{x}

flx,1) = Z f(y,0) + rating(z)

yeSon{x}
initial case: if x is a leaf,
f(xz,0)=0
f(z,1) = rating(x)
Running time: O(V + E)

15-7 Viterbi algorithm

a. Let f(x,7) denote whether there exist a path in G that begins at x and has a
sequence <oy, 09, - -+ ,0;> as it label
Recursive formulation:

fx,i) = V o fwi-D

y S.t. o(y,x)=0;

initial case:
f(z,0) = true
Running time: O(kn?)
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b. Let f(x,7) denote the maximum probability of a path in GG that begins at z
and has a sequence <o, 05, - -+ ,0;> as it label
Recursive formulation:

f(ZE,Z) = max {f(:%l - 1) -p(y,x)}

y S.t. o(y,x)=0;

Running time: O(kn?)

15-8 Image compression by seam carving
a. O(3™)

b. Let f(i, j) denote the seam with the lowest disruption measure of i x j array
All..i,1..4]
Recursive formulation:

The answer is find the ¢ such that minimize f(m, )
Running time: O(nm)
Problem 15-9 Breaking a string

Let L[0)) =0and Lim + 1] =n

Let f(i,7) denote the lowest cost of breaks that breaking every break points in
Lli..j —1]

Recursive formulation:

£(0,7) = min {£(i.K) + S (k. )} + (L[] - L)
initial case:
fl,i+1)=0

The answer is f(0, m + 1) Running time: O(m?)

Problem 15-10 Planning an investment strategy
a. (Explicit)

b. Let f(k,i) denote in k years and we inveset the ith investment at the kth
year, the maximum amount of the monney
Recursive formualation:

f (k) :f?i?({f(k_Li)_fhf(k’_l’j)_fﬂ‘i‘d'?”ik
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¢. Running time: O(years - inverstments?) = O(n?)

d. (Omit!)
Problem 15-11 Inventory planning

Let D(z) = Zdi and D(0) = 0, therefore, D(n) = D
i=1

1=
Let f(i,7) denote the minimum cost of first ith month that manufactured j ma-
chines

Recursive formulation:

FG.j) = min {f(i-1,k)+max{0, j—k—m}-c}+h(j—D(0)), for D > j > D(i)
J>k>D(i—1)

The answer is f(n, D)

Running time: O(nD?)

Problem 15-12 Signing free-agent baseball players

For every free-agent player z, let pos(x) denote the player’s position, cost(z) de-
note the amount of money it will cost to sign the player, and vorp(x) denote the
player’s VORP

Let f(i,7) denote the maximum total VORP of the players signed for first i posi-
tion and used j money

Recursive formulation:

fl.j) = max  {f(i—1,7j),f(i—1,j— cost(k)) +vorp(k)}
k S.t. pos(k)=i

The answer is f(N, X)
Running time: O(max(N, P) - X)
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Chapter 17

Problem 17-1 Bit-reversed binary counter
a. (Trivial!) The running time of the bit-reversal permutation on an array of

length n = 2% in O(nk) time

b. It is the same as the procedure Increment for a binary counter. Therefore,
the bit-reversal permutation on an n-element array to be performed in a total
of O(n) time

c. Yes

Problem 17-2 Making binary search dynamic

a. Using binary search to search each sorted array one by one, until find the
element that we search
The running time of the worst case:

T(n) =O(log1 +log2 +log 2 + - - - +log 2" 1)
=00+1+-- +(k:—1))
1
=6(5k(k —1))
—0O(log® n)

Therefore, the running time of the worst case is O (log® n)

b. 1. create a new sorted array of size 1, Aj, containing the new element to
be inserted

2. if Ay is empty, then we replace A by Aj; Otherwise, we merge the
two sorted array into another sorted array, A}

3. repeat these step, until for some i that A; is empty

The amortized running time of the worst case:

We use accounting method to analyse the running time. We can charge & to
insert an element. 1 pays for the insertion, and we put (k — 1) on the inserted
from to pay for it being involved in merges later on.

And it can move to a higher-indexed array at most k£ — 1 times, so the £k —1 on
the item suffices to pay for all the times it will never be involved in merges.
Therefore, the amortized running time of the worst case is O(logn)
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¢. 1. find the smallest j for which the array A; with 2/ elements is full
Let y be the last element of A,

2. find z, assume it is in A;
3. delete x from A; and insert y into A; with correct place
4. divide A;(left 27 — 1 elements) into Ag, A1, -+ , A;_1

The running time is O(n)

Problem 17-3 Amortized weight-balanced trees

a. 1. list all the elements in the subtree rooted at x by inorder tree walk, i.e.
a sorted list

2. rebuild the subtree so that it becomes 1/2-balanced
The running time of the algorithm is ©(z.size) and use O(x.size) auxiliary
storage

b. Since the height of the a-balanced binary search tree is O(log. n) = O(logn)
Therefore, performing a search in an n-node a-balanced binary search tree
takes O(log n) worst-case time

c. (Trivial!) Any binary search tree has nonnegative potential and that a 1/2-
balanced tree has potential 0

1
CcC =
200 — 1

e. After insert or delete a node from an n-node a-balanced tree, we use O(1)
amortized time to rebalance the tree

Problem 17-4 The cost of restructuring red-black trees
(From CLRS Solution)

a. (Omit!)

b. All cases except or case 1 of RB-INSERT-FIXUP and case 2 of RB-DELETE-FIXUP
are terminating

c. Case 1 of RB-INSERT-FIXUP decreases the number of the red nodes by 1.
Hence, ®(7") = ®(T) — 1
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d. Line 1-16 of RB-INSERT-FIXUP causes one node insertion and a unit in-
crease in potential.
The nonterminating case of RB-INSERT-FIXUP causes there color chang-
ing and decreases the potential by 1.
The terminating case of RB-INSERT-FIXUP causes one rotation each and
do not affect the potential.

e. By the assumption that 1 unit of potenital can pay for the structural modifi-
cations performed by and of the three cases of RB-INSERT-FIXUP, we can
conclude that the amortized number of structural modifications performed
by any call of RB-INSERT is O(1)

f. ®(7") < ®(T) — 1 for all nonterminating cases of RB-INSERT-FIXUP.
The amortized number of structural modifications performed by any call of
RB-INSERT-FIXUP is O(1)

g. ®(7") < ®(T) — 1 for all nonterminating cases of RB-DELETE-FIXUP.
The amortized number of structural modifications performed by any call of
RB-DELETE-FIXUP is O(1)

h. Since the amortized number of strutural modification in each operation is
O(1), any sequence of m RB-INSERT and RB-DELETE operations per-
forms O(m) structural modifications in the worst case

Problem 17-5 Competitive analysis of self-organizing lists with
move-to-front

a. (Trivial!) The worst-case costs for H on an access sequence o is Cy (o) =
Q(mn)

b. (Trivial!) By the defination of the rank.(x) and ¢;, we have

c; =2 -rankp(z) —1

c. (Trivial!) By the defination of the L}, ¢} and ¢}, we have

¢; = rankps (x) +1t]

d. Since an adjacent transposition change only one inversion, and ®(L;) = 2¢;,
therefore, a transposition either increases the potential by 2 or decreases the
potential by 2

e. (Trivial!) rank, ,(z) = |A| +|B| + 1and ranky: = |A| +[C] +1
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f. For analysing the potential function of list L;, i.e. ®(L;), we first assume
that L; = L? ,, therefore, ®(L;) — ®(L;_1) = 2(|A| — |B]). Then, the
transposition from list L;_; to L}, it at most increases potential by 2 - ¢}.
Thus, we have

O(Li) — ®(Li—1) < 2(|A] — |B| +7)

=2(|A| + |B| +1) =1+ ®(L;) — ®(L;_,)
<2(|A|+|B|+1) —1+2(JA| — |B| + 1))

=4 |A| +1+2¢t]
<4(JA|+|C|+1+1)
=4c}

h. (Trivial!) The cost Cy;7r(0) of access sequence o with move-to-front is at
most 4 times the cost Cy (o) of o with any other heuristic H, assuming that
both heuristics start with the same list
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Chapter 22

Problem 22-1 Classifying edges by breadth-first search

d.

1. X— T &1 T BFS BUIHE  #74 back edge &) /& forward edge,
FIH BFS B SR TC 7] A BT, HAE BFS Tree H#E: tree edge

2. X T—%% tree edge (u,v), AN TH v.m = u, BIFI A BFS 457, 715
v.d=ud+1

3. 44 (u,v) & cross edge, W 4 FRATIT 7] w FIBHE v SR BN
BAFI], A5 (u, v) N tree edge ; FH Lemma 22.3, M 1H v.d < u.d+1;
i Corollary 22.4, 5116 v.d > u.d,ll v.d =u.dorv.d = u.d + 1
1E BFS X F2H forward edge HlIA tree edge

S EAEISEEIE]

1E BFS A, X TR (u,v) W2 v.d <u.d+1

AT v, A v.d > 0, KA (u,v) & back edge, Bl v /& u [
G TR v.d < u.d, Bl 0 <v.d < u.d

Wb

Problem 22-2 Articulation points, bridges, and biconnected com-
ponents

d.

& G B root HH— LT, AEMHER root 2 J5 , B FEA S0,
RIAS 72 articulation points; #7 G B root A2 T M~ LT, 7EMIER root
2 e, EIREEES M, B G, /& articulation points

. 41 v/ articulation points, I v B JLF-HIRE—D LT, G HBZA

back edge JEFZE] v HIHSE; BN v WA XFERL 7, H T2 A,
MIMBRES B v 25, BUR SRR FFIZEE , Bl v /N2 articulation points; X 2

FI DES, ATEAE O(V + B) = O(E) {9 )4 54528 1) Tow {8

Vetex v is an articulation points iff. (v.low > v.d) or (v is the root of G
and v has at least two children in G;). The running time of the algorithm is

OV +E)=0(F)

WA (u,v) & G B bridge, &3 (u, v) /£—"& G 1J—")> simple cycle
o OIR A S IBR IS (u,v) Z )5 WIRAFAE—5% u B v HY path, {15 u T v
SRR FFEIR , 51 (u,v) /& bridge )&, FTLAID (u, v) WIRAAE—1
simple cycle < H1; S ZIRER
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f. Edge e = (u,v) is a bridge iff. (e is a tree edge) and (u.d < v.low). The
running time of the algorithm is O(V + E) = O(F)

g. Equivalence relation: e; ~ ey iff. (e; = e5) or (e; and e, lie on some com-
mon simple cycle). Therefore, the biconnected components of GG partition
the nonbridge edges of G.

h. 7t DFS i #EH, R —4> stack SRA7 7 [R50 , 278 %) articulation
point B¢ bridge , ¥ 2 J5 B B A #1534 pop, 7744 bee Fric iH A AR5,
BT O(V + E) = O(E)

Problem 22-3 Euler tour

a. RAMESIE, FRAPRIUELENE X TAE RS & o, Y2 in-degree(v)
= out-degree(v) , I A X TAEREESS i v, IRAFAE—D cycle B & 45 1 v;
FATAT AR H IR 5 H kY fAaiE 4 [ #Y Euler tour

b. A Bk 53, & Soxd— gk ik 2 — S E R cycle, 285 A H
HERIX A cycle ERIFA L, 4R, B 2B A S AR HAE 0
AL 0 AT A RYER A4 E /Y Euler tour

Problem 22-4 Reachability

& G LA L(v) (E#IG TR GT 3317 DES, #4555 v 7E DFS Tree
[ root M w, B2 min(v) = u; HEIBITIEN O(V + E)
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Chapter 23

Problem 23-1 Second-best minimum spanning tree

a. Since a graph has a unique minimum spanning tree if, for every cut of the
graph, there is a unique light edge crossing the cut(Exercise 23.1-6). There-
fore, For a graph that all edge weights are distinct, the minimum spanning
tree is unique.

But the second-best minumum spanning tree need not be unique. Here is an
example,

N\

minimum second-best second-best
spanning tree minimum minimum
spanning tree spanning tree

b. AFREGEN], A MST AT 458 45 LA BRI AT AR —1
Second-best Minimum Spanning Tree
W T 72 G 1) Minimum Spanning Tree, 7 1E Second-best Minimum
Spanning Tree 7", HH & /DA WZIAM T AR WK (u,0) & T —T
FRUE S/ NI T8 (u, o) I T H1 IASRIE B — 1> cycle, cycle
AL —LE T — T WY (2, y), W w(u,v) < w(z,y)
( wu,v) > w(z,y), WD (z,y) WA T, FATHFE]— cycle, 1
cycle PRI & —2 T T/ WY (W, 0"), KT =T —{(v/,v")}u{(x,9)}
/& —FR Spanning Tree, A4 T & MST, Ir LA w(z,y) > w(/,v'), B
w(u,v) > w(x,y) > w, ), SIS T (u,v) FHEFETIE)
Jir AXET Spanning Tree 77 — {(z,y)} U {(u, v)}, EAUEL w(T") /)N, A
HAFT MST T AIA B T" /R & Second-best Minimum Spanning Tree

c. For each vertex u, using DFS to find max|u, v],v € V. The running time is
O(V?)

d. 1. Find Minimum Spanning Tree of G........ O(E+VlogV)
2. Compute max[u, v] for all u,v € V.......0(V?)

3. Find anedge (u,v) ¢ T, that minimizes w(u, v)—w(max|u, v])........ O(E)

The Second-best minimum spanning tree is 7' — {max|u, v]} U {(u,v)}
The running time of the algorithm is O(V?)
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Problem 23-2 Minimum spanning tree in sparse graphs

d.

d.
e.

f.

N A2 G B MST, I T R AT L w2 i B S B,
FIrLA T U {(2, y).orig : (z,y) € A} s2=& G ) MST

Obviously, |G'.V| < |V| /2

Using disjoint set, we can implement MST-REDUCE so that it runs in O(E)
time

77
77

Y

Problem 23-3 Bottleneck spanning tree

d.

FRATHE B Ji i @AY 357 A5 7 8 (contrapositive), BITC 1A & G H | — 1
Spanning Tree T /~ & —1} Bottleneck Spanning Tree, il 4 T 784 G
[ Minimum Spanning Tree

Wil e & T HAUB S KBYIN, HIZi e W& 09738 Ty, Ty,
A T AAE—HE Bottleneck Spanning Tree, it LA SRIEAE— 4530 o 4%
Ty, To, H w(e') < w(e), FrLA T 7842 G ) Minimum Spanning Tree

- B G BRI ABUERT b B30 45 R IR 8, A7 A — PRI K

BUEASKT b ) Bottleneck Spanning Tree , 75 NI ASTFAE

X b BB T 0 5 2= (FERT A T RIAUE ) , M Part(b) 7 AR
$1IEAE 77 f74E Bottleneck Spanning Tree ; Running Time: O(E + £ + £ +
) = O(E)

Any better solution ???

Problem 23-4 Alternative minimum-spanning-tree algorithms

a. Correct!

By the conclusion of Exercise 23.1-5
The running time of the algorithm is O(E(E + V))

. Wrong!

The running time of the algorithm is O(E«a(V))

Correct!
By the conclusion of Exercise 23.1-5
The running time of the algorithm is O(V E)
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Any better solution ???
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Chapter 24
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Chapter 25

Problem 25-1 Transitive closure of a dynamic graph

a. Let the edge (u,v) is inserted into G. Forall 4,5 € V, if t;, A t,; = 1, then
we have t;; = 1
The running time is O(V?)

b. Consider a example, the original graph is a chain, i.e. G : v; = vy — ... —
v,,. The matrix of the connectivity 7" is a upper-triangular matrix. Now we
insert an edge (v, v1), then the matrix of the connectivity 7" is an all one
matrix. The changing value is at least Q(V/2).

Therefore, a graph G and an edge e such that Q(V?) time is required to
update the transitive closure after the insertion of e into (=, no matter what
algorithm is used.

c. The algorithm:

Insert(u, v)
1 fori=1to|V|

2 ift;,,=1andt;, =0
3 for j = 1to|V]|
4 ift,; =1

Since the condition of ¢;, = 0 is true at most O(V?) times, therefore, the
running time of the algorithm is O(V3)

Problem 25-2 Shortest paths in ¢-dense graphs

a. In a d-ary min-heap, the asymptotic running time of
Insert: ©(log,n)
Extract-Min: ©(dlog,n)
Decrease-Key: ©(log,n)

If we choose d = ©(n®) or some constant 0 < « < 1, the asymptotic
running time of
Insert: O(2)
Extract-Min: O(£) =
Decrease-Key: O(2)

b. d=V*
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c. To solve the all-pairs shortest-paths problem on an e-dense directed graph
G = (V, E) with no negative-weight edges, we can run |V/| times Dijk-
stra’s algorithms described above, the total running time of the algorithm is
O(VE)

d. Using Johnson’s algorithm to reweight the graph G = (V, E), and then
execute the above algorithm. The running time of the algorithm is O(V E +
VE)=0(VE)
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Chapter 26

Problem 26-1 Escape problem

a. For all vertices v in graph G = (V, E), we can split it into two correspond-
ing vertices vy, v; and there is a edge between two vertices (vg, v1)
Now we rebuild the graph ¢
V' = {vp, vy :if v € V'} and
E' = {(vo,v1) :ifv e V}U{(u1,v0) : if (u,v) € E}.
We also define the capacity function, ¢/(u,v) for all (u,v) € E

d(vg,v1) = c(v),ifv eV
d(ug,v) = c(u,v), if (u,v) € E
d(u,v) = 0, otherwise

Thus, the vertex capacities problem is reduced to an ordinary maximum-
flow problem on a flow network

b. The graph G = (V, E), defined as
V ={s,t} U{v;; :foreveryi,j =1,2,--- ,n} and
E = {(s,v) :if v is a starting point} U {(v, ¢) : if v is a boundary point} U
{(u,v) : if u, v are adjacent points on the grid}
The capacity function for edges is c¢(u,v) = 1, for all (u,v) € £

It’s easy to find that |V | = O(n?) and |E| = O(n? + m)

A good implement algorithm for network flow can solved this problem in
O(n") time

Problem 26-2 Minimum path cover

a. To find a minimum path cover of a directed acyclic graph G = (V, E), we
construct the graph G’ = (V' E’), where
V' ={zo, 21, 2} U{yo, 1, , Un}
E' = {(zo,x:) : 1 € VYU{(yi,00) - i € VIU{(wi,) : (i,4) € EY,
and all edge in £’ have an unit capacity. Then the maximum-flow of graph
G is | f], and the minimum path cover of the graph G is |V| — | |
The running time of the algorithm is O(V E)

b. The above alogorithm doesn’t work for directed graphs that contain cycles
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Problem 26-3 Algorithmic consulting

a. Since the cut (S, T') of G is a finite-capacity, then there is no such edge where
the capacity is infinite, i.e. edge (4;,J;) ¢ (S,7) foralli = 1,2,--- |n,
J= 17 27 T, M

b. The maximum net revenue is ) . P, — |c|

c. 1. find the maximum flow of the graph (G, and obtain the residual network
G O((n+m)?- (n+m—+r))

2. find the minimum cut set (S, 7) by DFS the residual, O(n + m + )

3. if edge (s, 4;) € (S,T), then we hire expert ¢
if edge (J;,t) ¢ (S,T), then we accept the job ¢
O(n+m)
The total running time is determined by the implemention of the maximum
flow algorithm

Problem 26-4 Updating maximum flow

a. Just execute one more iteration of Ford-Fulkerson algorithm.
Argument:
If the edge (u, v) does not cross a minimum cut, then incresing the capacity
of the edge (u, v) does not change the capacity of the minimum cut as well
as maximum flow.
If the edge (u,v) does cross a minimum cut, then it increases the capacity
of the minimum cut as well as maximum flow at most 1.
The both cases need only find augmenting path one more time.

The running time of the algorithm is O(V + E))

b. 1. the new flow f'(u,v) = f(u,v) — 1

2. if there is a augmenting path from u to v, then augment an unit flow
along the augmenting path
otherwise, find augmenting paths from « to s and from ¢ to v, decreas-
ing an unit flow along the augmenting path

The running time of the algorithm is O(V + F))

Problem 26-5 Maximum flow by scaling

a. Since C' = max(,)cp ¢(u, v), and there are at most || edges in graph G,
therefore, a minimum cut of GG has capacity at most C' | E|
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b. Just ignore the edges whose capacity less than K when finding an augment-
ing path.
It takes O(V + E) = O(V + E) time

c. Since when K = 1, the procedure Max-Flow-By-Scaling(G, s, t) is the typi-
cal Ford-Fulkerson algorithm. Since the Ford-Fulkerson algorithm returns a
maximum flow, therefore, Max-Flow-By-Scaling returns a maximum flow

d. Since there are at most | F'| edges and each time line 4 is executed, the ca-
pacity of the residual network G is at most 2K. Thus, the capacity of a
minimum cut of the residual network G is at most |E| x 2K = 2K |E|

e. By part d, the capacity of a minimum cut of the residual network G is at
most 2K | E| each time line 4 is executed, i.e. the maximum flow of G/ is at
most 2K |E|. And each time the inner while loop finds an augmenting path
of capacity at least K, the flow increases by at least /.

Thus, the inner while loop of lines 5-6 executes O(2K |E|)/K = O(E)
times for each value of K’

f. By above arguments, we can easily obtain the running time of the procedure
Max-Flow-By-Scaling is O(E? log C')
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